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Abstract: This work studies the regularity and the geometric significance of solution of 
the Cauchy problem for a degenerate parabolic equation ut = Au™. Our main objective is to 
improve the Holder estimate obtained by pioneers and then, to show the geometric characteristic 
of free boundary of degenerate parabolic equation. To be exact, the present work will show that: 

(1) the weak solution u{x,t) E x M^), where a E (0,1) when m > 2 and a = 1 

when m E (1, 2); 

(2) the surface (/> = {u{x, t))^ is a complete Riemannian manifold, which is tangent to M” at 
the boundary of the positivity set of u{x,t). 

(3) the function {u{x,t))^ is a classical solution to another degenerate parabolic equation if 
/3 is large sufficiently; 

Moreover, some explicit expressions about the speed of propagation of u{x,t) and the con¬ 
tinuous dependence on the nonlinearity of the equation are obtained. 

Recalling the older Holder estimate {u{x,t) E C'“’'2 (M” x M+) with 0 < a < 1 for all m > 1), 
we see our result (1) improves the older result and, based on this conclusion, we can obtain (2), 
which shows the geometric characteristic of free boundary. 
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1 Introduction 

Consider the Cauchy problem of nonlinear parabolic equation 

f Ut = Art™ in Q, . . 

[ u(x,0)=uo(x} on M"’, 

where Q = M"" x , n > 1, m > 1 and 

0 < uo(3:) < M, ^ ^ / uo{x)dx < oo. (1.2) 

^Email: jqpan@jmu.edu.cn. 
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The equation in (1.1) is an example of nonlinear evolution equations and many interesting results, 
such as the existence, uniqueness, continuous dependence on the nonlinearity of the equation 
and large time behavior are obtained during the past several decades. By a weak solution of 
(1.1), (1.2) in Q, we mean a nonnegative function u{x,t) such that, for any given T > 0, 



[u^ + iVn'"!^) dxdt < oo 


and 


/7 

Jo JR’ 


-Vf — uft) dxdt = / uo{x)f{x,0)dx 


for any continuously differentiable function f(x, t) with compact support in M” x (o,r). 

We know that (see laiiEiEiEiiiaiiaiii]) the Cauchy problem (1.1),(1.2) permits a unique 
weak solution u{x, t) which has the following properties: 


0 < u{x, t) < M, 

/ u{x,t)dx = / uo{x)dx, 
JR” JR” 


du 

'm 

A 


> 


—u 


{m — l)t ’ 

^ I > 


m — 1 


—n 


n{m — 1) + 2 t 




S3 — s ^ 


(1.3) 

(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 


where j = 1, 2,3... and v is the solution to the Cauchy problem of linear heat equation with the 
same initial value 


f vt = Av in Q, 

\ v{x,0)=uo{x) on M"’. 


( 1 . 8 ) 


Moreover, the solution u{x,t) can be obtained (see [9l[T5]) as a limit of solutions Urj{rj —> O'*') 
of the Cauchy problem 

( ut = Au™ in Q, 

\ u{x, 0) = uo{x) + r] on M", ' 

and the solutions Ur^ is taken in the classical sense. We know that D.G.Aronson, Ph.Benilan 
(see theorem 2, p.l04 in [8]) claimed that: if u is the weak solution to the Cauchy problem (1.1) 
with the initial value (1.2), then u G C{Q) and rt > 0; J. L. Vazquez (see Proposition 6 in Ch.2 
of [T3j) proved u G C°°{Q+), where 

(5+ = {{x,t) G M"’ X : u{x,t) > 0}. 


Before this, the same conclusion was established by A. Friedman (see theorem 11 and corollary 
2 in Ch.3 [TU] ). Moreover, employing so called bootstrap argument, D.G.Aronson, B.H.Gilding 
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and L. A. Peletier (see laHElE]) also claimed u G C'°°(Q+) with more details. Therefore, we 
can divide the space-time x 1R+ into two parts: Q = Q+ U Qq, where 

Qo = € M” X M"*" : u{x,t) = 0}. 


Furthermore, if Qo contains an open set, say, Qi, we can also obtain u{x,t) G C^{Qi) owing to 
u{x,t) = 0 in Qi. Thereby, we may suspect that the solution of degenerate parabolic equation 
is actually smooth in Q except a set of measure 0. In order to improve the regularity of u{x,t), 
many authors have made hard effort in this direction. The earliest contribution to the subject 
was made, maybe, by D.G. Aronson and B.H.Gilding and L.A.Peleiter(see [HU])- They proved 
that the solution to the Gauchy problem 


( du _ 

) at ~ 

\ u{x,0) = Uo{x) 


in X M+, m > 1, 
on 


( 1 . 10 ) 


is continuous in x (0, +oo) if the nonnegative initial value satisfies a good condition. Moreover, 
if the initial value Q < uq < M and is Lip-continuous, u{x,t) can be continuous on x 
[0,-|-oo) (see [2]). As to the case of n > 1, L.Gaffarelli and A.Friedman (see [E]), proved that 
the solution u{x,t) to the Gauchy problem (1.1), (1.2) is Holder continuous in Q ; 

\u{x,t) - u{xo,to)\ <c(^\x- XoT + \t- tol^) (*) 


for some 0 < a < 1 and C > 0. Moreover, for the general equation ut = 'V ■ (uVp), p = 
k{u), L .Gaffarelli and J.L.Vazques ([E]) established the property of hnite propagation and 
the persistence of positivity, where k may be a general operator. To study this problem more 
precisely, D. G. Aronson, S.B. Angenent and J. Graveleau (see dEQ!) constructed a interesting 
radially symmetric solution u{r,t) to the focusing problem for the equation of (1.1). Denoting 
the porous medium pressure V = they claimed V = Cr^ at the fusing time, where 

0 < (5 < 1,C is a positive constant. Moreover, 

l/(r, 7/r") p{c*rj) 

hm- :: -=-. 

rto “ —rj 

To study the regularity of the weak solution of (1.1), (1.2), the present work will show the 
following more precise conclusion: for every h G {m — l,m), there exists a C > 0 such that 


where. 


u{x, t) 


u{xo,to)\ < C 


-Xo\h + |t 



f 1 if 1 < m < 2, 

( /i G {m — 1, m) if m> 2. 


( 1 . 11 ) 


We see that the range of ^ is (0,1] not (0,1), thereby, the older Holder estimate (*) is improved 
by (1.11). 
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Moreover, we will show that the functions are continuous if [3 is large sufficiently because 
we can employ (1-11) to obtain 

\u^{x,t) — t*)| < C (^\x — + |t — 

for another positive constant C. By this inequality, we want to get the continuous partial 

0/3 fi P 

derivatives and i = 1,2 ,..., n, that is to say, 

(j){x,t) eC\R^) (1.12) 

for every given t > 0, where 4>{x,t) = u^{x,t). In particular, we will prove that the function 
4>{x,t) satisfies the degenerate parabolic equation 

d(j) 


dt 


= m 


, ^-1 ^ , m. — B 771-13-1 o 
(f) p A(/>+ P |V</>p 


in the classical sense. 


For every fixed t > 0, we define a n-dimensional surface S{t), which ffoats in the space 
with the time t: 


Sit): 


Xi = Xi 


i = 1,2,3,...,re, 


Xn+l — 


where the function (j){x,t) is mentioned above. We will discuss the geometric character of Sit). 
We know that Y.Giga and R.V.Kohn studied the fourth-order total variation flow and the fourth- 
order surface diffusion law (see [22]), and proved that the solution becomes identically zero in 
finite time. To be exact, the solution surface will coincide with M"" in finite time. Because this 
phenomenon will never occur for our surface 5(t) owing to (1.2) and (1.4), so we will discuss 
the relationship between 5(t) and 
Let 


91= (1,0,..., 1^), 
92 = (0,1,...,^), 

I 9„ = (0,0,...l,,|t), 

Define the Riemannian metric on Sit): 


(1.13) 


ids)‘^ = ^ Qijdxidxj, 


where gij = gi ■ gj. Clearly, 


(ds)^ = + (pl^)[dxi)‘^ + ^ (j)xi4>xjdxidxj 

i=l i^j^ij=l 

n / ^ \ ^ 

= '^idxi)'^ + i'^(f)xidxi\ . 


i=l 


K i=l 
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n 

Recalling ^ (pxidxi = dcj) = dxn+i for fixed i > 0, we get 
i=l 


n+1 n 

[dsf = ^{dxif = ^{dxif + id(j)f. 
i=l i=l 


If the derivatives ^ are bounded for i = 1, 2,n, then we can get a positive constant (7, such 

that 'Yl {4’xidxi) < C Y {dxi) . Denoting which is the Euclidean metric on 

2 = 1 2 = 1 2 = 1 

M"’, we get 


{dpf <{dsf <{l + C){dpf. (1.14) 

As a consequence of (1.14), we see that the completeness of M” yields the completeness of S{t) 
and therefore, S{t) is a complete Riemannian manifold. On the other hand, if we can obtain 

V(</>(a;,t)) = 0 (1-15) 

for every fixed t > 0, where Hu{t) is the positivity set of u{x,t): 

Hu{t) = {x G M"' : u{x,t) >0} t > 0, 

then (1.15) encourage us to prove that: the manifold S{t) is tangent to M” on dHu{t). 

It is well-known that the function 

is the solution of the Cauchy problem of the linear heat equation (1.8) and v{x,t) > 0 in 
Q everywhere if only the initial value uq satisfies (1.2). This fact shows that the speed of 
propagation of v{x,t) is infinite, that is to say, 

sup |x| = oo. (1-16) 

xeHv(t) 

However, the degeneracy of the equation in (1.1) causes an important phenomenon to occur, 
i.e. finite speed of propagation of disturbance. We have observed this phenomenon on the 
source — type solution B{x,t]C) (see [H]), where 

( I ^ I 2 \ rn—l 

(1.17) 

is the equation in (1.1) with a initial mass M6{x), and 

^ n A A(m — 1) 

n(m —l)-|-2’ ^ n’ 2mn 
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We see that the function B{x,t]C) has compact support in space for every fixed time. More 
precisely, if u{x,t) is the solution of (1.1), (1.2), then 

sup |x| = O (1-18) 

x£Hu(t) ^ ^ 


when t is large enough (see Proposition 17 in m ). Comparing (1.16) and (1.18) and recalling the 
mass conservation u{x,t)dx = uo(x)dx = v(x,t)dx, we will prove that the solution 
continuously depends on the nonlinearity of the equation (1.1): 




(m — 1) + 


k 


We read the main conclusions of the present work as follows: 

Theorem 1 Assume u{x,t) be the solution to (1.1), (1.2). Then u{x,t) G C{Q) and 

(1) for every given t > Q,K > D , there exists a positive v such that 
\u{xi,ti) - U{x2,t2)\ < V - X2|^ + |tl - 
where \xi\ < K,ti > t, i = 1,2, 


h = 


h € (m — 1, m) 


if 1 < m < 2, 
if m>2; 


(1.19) 


(2) for every jS > h, the function = {u{x,t))^ G C^{Q) and the surface 4> = 4>{x,t) is a 
complete Riemannian-manifold which is tangent to M” on dHu{t) for every fixed t > 0, h is 
defined by (1.19); 

(3) if (3 > 2h, the function 4>{x,t) satisfies the degenerate parabolic equation 


d4> 

'm 

in the classical sense in Q. 


= m 


m-l m. — R m-P-1 


Theorem 2 Assume u{x,t) he the solution to (1.1), (1.2), = {x ^ 

some 5 > 0. If supp uq C Bs, then for every given t > 0, 


sup |x| > xit), 

xeHu(t) 


where. 


x{t) = 


(1 —m)n JT 


(m-l)7r 2 r(l + -) 


m—1 

uodx I t 


2 + (m—l)n 


\x\ < 5} for 
( 1 . 20 ) 
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Moreover, for every given T > 0, there is a positive C* = C^{T) such that 


' |x|</c 


[v{x, t) — u{x, t)f dx < 


(m - 1) + - 


( 1 . 21 ) 


with respect to t G (0,T) uniformly, where v{x,t) is the solution of (1.8). 


Let us also note that the manifolds S{t) and are two surfaces in and the Cauchy 

problem (1.1), (1-2) can be regarded as a mapping <L(t) ; M” —)■ S{t). Thus, besides the 
theorems mentioned above, we will give an example to show the intrinsic properties about the 
manifold S{t). 


2 The proof of Theorem 1 


Lemma 1 Ifu{x,t) is the weak solution to (1.1), (1.2) in Q. Then for every h G (m— l,m), 
there is a Ci = Ci{h,m,M) such that 




< 


1 


in Q 


( 2 . 1 ) 


in the sense of distributions in Q. 

Proof: We first prove (2.1) for the classical solutions Uri{x,t). Set 

u™ = P'? for g G (^1 "" 

Then 

q—l — — I 

^ m. 


m — 1 


Vt = mV'^-^AV + m(q-l)V'>-^-^\VV\T 


Differentiating this equation with respect to xj and multiplying though by letting hj = 
we get 

= mV^~'^hjAhj + m(q — ^)V'^~^~'^hf,AV 

2 ■’ j j ^ 


' ■■■'Vi ■“j* 

Q 


+m(q -l)(q-l- —/r?| VPP + 2m(q - l)P''"^"-/i,VP • V/i 
m ■’ j . 


■j 


for j = 1, 2,..., n. Setting 


i=i 
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we obtain 


n 

= 2m{q - + 2m{q - l){q - 1 - V h^AVV]'^ 

m m 

3 =^ 

n n 

+2m{q - l)V'^-^-^VV 2^'^''"- |V/ijf 

j=i i=i 

< 2m(q - —)V'^-^-^H^AV + 2m{q - l)(q - I - 

m m 

+2m{q - 1)1/'?“^“-Vy • 

It follows from q G ^1, (^ “ 1)(9 “ 1 “ m) ^ ' 1 ' “ 2 — ;^ < 0. Hence, 

2m(g - l)(g - 1 - < -Cl, 

m 

where Ci = 2m |(g — l)(g — 1 — ^)| (M + ry)™ « ^. Setting 

LiH^) = mV^-^AH^-CiH"^+ 2m(q-—)V^-^-^H^AV 

m 

+2m{q - l)V‘i-^-^VV • VH^, 


we get 

H^<L(H^). 

Taking /i| = (^)2,/i* = 0 for i = 2,3, ...,n, and setting Ql = K ~ the 

function is a solution to the equation 

= HqD 

with the initial condition Q*(0) = +oo. 

On the other hand, let u™ = K, then K is the solution to the Cauchy problem of the linear 
parabolic equation 


Kt = g{x,t)AK in Q 

with the inial value {uq + r/)™', where, g{x, t) = m(u^(x, and Ujjix, t) is a known function, 

which is the classical solution to (1.9) and g < Urj < M + g. By Theorem 5.1 in [TS], we get 
K G H'^+a.l+f X (0,T)) for any T > 0 (Even if uq does not have the required smoothness 
we may approximate it ( by mollification ) with smooth functions UQn)- Therefore, AK, ^ and 
|^(i = 1,2, ...,n) are bounded. To be exact, there is a positive /io, which may depend on g, 
such that 



Therefore 


|VF| = |V< 


= 'r 


1 ——m 

Q 


V 


VK\ 


^ f (i —l)m 

< -rj'-i fiQ. 

q 

Letting C' = we obtain |Vy| < C'. Similarly, we can get positive C", which may 

depend on ry also, such that |Ay| < C". 


Now we can employing the comparison theorem and get 


< 


1 

Cit 


Letting ry —)■ 0 in (2.2) gives |Vtt ^ ^ for q G ^1, with 


Cl = 2m 


(9-l)(9-l--) 


m 


M 




Setting /i = Y in (2-2) yields h ^ {m — l,m), and (2.1) follows. 

To prove Theorem 1, we need to show an ordinary inequality firstly: 

\a-bf <\a>^-bl^\ for a, 6 > 0, /3 > 1. 

In fact, (2.3) is right for a = b. If a > 6, we can easily get the following inequalities; 


1 - 


/? 


< 1 - 


a 
b\l^ 


and 
'b\P 


b\ 


/3 


1 - - > 1 -- 
aj a 


thanks to 0 < ^ < 1. Thereby, (l — — (^) . This inequality gives 


\a-bf = a>^ 1 - - ^ - b^. 

a 

So (2.3) holds for a > 6 > 0. Certainly, (2.3) is also right when 0 < a < 6. 
We are now in a position to establish our Theorem 1. 

To prove (1) of Theorem 1 It follows from (2.1) that 

|u^(xi,t) - u’^{x 2 ,t)\ < {Cit)~^\xi - X 2 I 


( 2 . 2 ) 


□ 


(2.3) 


(2.4) 


for every (xi,t), (x 2 ,t) G Q,h G (m — l,m). If 1 < m < 2, we take h = 1, and therefore, (2.4) 
yields 


\u{xi,t) - u{x 2 ,t)\ < (Clt) 2 \xi - X 2 I. 
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If m > 2, we take h> 1 for every h G (m — l,m). In this case, we use (2.3) in (2.4) and obtain 

\u{xi,t) - u{x 2 ,t)\ < (Clt)“^|xi - X 2 |^. 


Therefore, for every given m > 1, there always exists a suitable positive number h > 1 such that 


u{xi,t) 


u{x 2 ,t)\ < (Cir) 


2^ \xi — X 2 


h 


(2.5) 


for every (xi, t), {x 2 ,t) G M"" x [r, oo) with given r > 0, where /i = I for 1 < m < 2; /i G (m—I, m) 
for m > 2. Employing the well-known theorem on the Holder continuity with respect to the 
time variable (see m), we obtain 

\u{x,ti) - u{x,t 2 )\ < - t 2 \^ (2.6) 

for |x| < K, ti,t 2 > T and \ti — t 2 \ small sufficiently, where fj. depends on , K is any 

fixed positive constant. Combining (2.5) and (2.6) we get another positive constant v such that 


u{xi,ti) 


u{x2,t2)\ < V 


xi - X2I + |ti - 



(2.7) 


for all |xj| < K,ti > T, i = 1, 2, where 

h=\\ r , N 

[ h G [m — 1, m) 
Certainly, this gives u G C{Q). 


if 1 < m < 2, 
if m> 2. 

□ 


To prove (2) of Theorem 1 Denote (5 = h + e and set 

())(x, t) = 


for every e > 0. It follows from (2.1) that 


\V4>{x,t)\ < C 2 U^{x,t)t 2 in Q (2-8) 

for some C 2 > 0. To prove the function (j){x,t) G C^{Q), we first see u G C'°°(Q+); second, (2.8) 
implies V^(x*,t*) = 0 for every (x*,t*) G Qq. Combining (2.7) and (2.8) gives 


|V(/>(x,t) - V0(x*,t*)| = 

< 


\V4>{x,t)\ 


C 2 t 2 zy^ \x — X^\h \t — 


, j_l e 

2h 


(2.9) 


This inequality tells us V(/>(x,t) G C{Q) and therefore, 4>{x,t) G C^{Q). Furthermore, for every 
fixed t > 0, the continuity of u{x,t) implies Hu{t) is a open set. Thus (j){x^:,t) = V(j){x^,,t) = 0 
for (x*,t) G dHu{t). This fact claims that the surface (j) = (j){x,t) touches M” at dHu{t). In 
other words, M” is just the tangent plane of (j){x,t) at dHu{t). 

Now we can define a n-dimensional surface S{t) for every hxed t > 0 as before: 

q /- 4 -\ . r ^ 1-5 2 , 3 , ..., TT, 

^ \ Xn+1 = 


10 






Defining the Riemannian metric (1-13) on S{t), we get (1.14), more precisely, 


(dp)'^ < (ds)'^ < 1 + niax 


d4> 


dXi 


{dp? 


It follows from (2.8) that max 

i=l ,2 . n 


dcf) 


dxi 


< 2 ^ . Moreover, as a result of theorem 9 in 


Chap III of [12], we get u{x,t) < C^t "(»"-i )+2 for some Cs > 0. Hence, 


max 
1=1,2,...,n 


dcj) 


dxi 




-1 


for another positive C 4 . Thus, 

[dp? < {ds? < (1 + (dp? 


( 2 . 10 ) 


( 2 . 11 ) 


As a consequence of (2.11), the completeness of M"' yields the completeness of S{t) and therefore, 
S{t) is a complete Riemannian manifold. □ 

To prove (3) of Theorem 1 Recalling u(x, t) = lim u„ and u„ > p, u„ are the classical 

r?—S. 0 + 

solutions to the Cauchy problem (1.9), we can make 

for /3 = /i + e > 2h, and then satisfies the degenerate parabolic equation 

d<t)n 


dt 


= m 


m-P 

T 


m — l _ _ 


I 


in Q. 


Recalling lim (j)„ = (j) and u € C°°{Q+), we see that (j){x,t) € C°°(Q+) and (j) satisfies the 

ri —i.0+ 

equation 


d(j) 

'm 


= m 


, ^-1 , m. — B m-p-i 

!> /3 A(/)+ ^ (t> P \V(j)? 


( 2 . 12 ) 


in <5+ . We next prove that (2.12) is also right in Q. To do this, we first see that (2.7) yields 


1 

|u(a:, t) — u{x, t*)l = u{x, t) < 12 |t — 2/1 

Thus, \(j){x,t) — (p{x,t^,)\ = (p{x,t) < Thus, 


for (x,t*) G Qo- 


0 (x,t) — 4>{x,t^) 


i 


< It — t*| 2 Zi . 


(2.13) 


(2.13) shows the continuity of the function specially, = 0 owing to /3 > 2h. On the 

other hand, similar to (2.5) and (2.8), we can get 


\u{xi,...,Xj,...,Xn-,t) -u{xi,...,Xj^,...,Xn,t)\ < (CR) 2 h\xj -Xj^\h 
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< C 2 U^t 2 for i = 1,2, 


for every {xi, ...,Xn,t) G Q and 

Thereby, if (xi,Xj*,i) G Qo, we have 


d4> 

dxi 


dcl){xi,...,Xj,...,Xn,t) d(f>{xi,. 


Xfiy t) 


d(f>{xi,...,Xj, ...,Xnt) 

dxi 

dxi 



dxi 


< C2t 2(C'lt) ^hlxj — Xj^,\h . 


This yields 


1 


dxi 


d(t>{xi,...,xj,,. 

Xfiy i) 

dxi 



< 6*2(Cit) 2h \xj — Xji 


for i, j = 1, 2,..., n. This gives the continuity of the function thanks to e > /i. In particular 


d'^cj) 

dxiXj 


= 0 on Qo 


a —/3 —1 


for i,j = 1,2, It follows from m > 1 that cf) ^ Ai;/) = 0 on Qo- Similarly, (j) P |V(/>p = 0 
on Qo- 

Finally, as previously mentioned above, we deduce that the function 4’{x,t) satisfies (2.12) 
on Qo- □ 


As an applications of our Theorem 1, here we give an example to show the large time be¬ 
havior on the intrinsic properties of the manifold S{t). 


Example ( the first fundamental form on S{t)) In fact, the first fundamental form 

n 

on the manifold S{t) is (ds)^ = Qijdxidxj. By (2.10), 


ui=i 


|(ds)^ - {dpf\ = {dcff = [ ^ (l)xidxi 


vi=l 


< C4t "(™-b+2 ^(dp)^ 


where (dp)^ = ^ dx| is just the first fundamental form on R”. Thus, 
*,1=1 


(dsY" 

{dpf 


— 1 -\- o {t 


2t1£ _ -1 

m-l) + 2 


(2.14) 


when t is large sufficiently. 
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3 The proof of Theorem 2 


To prove Theorem 2, we need to establish a more precise Poincare inequality. It is well- 
known that if Ai is the minimum positive eigenvalue and ipi is the corresponding eigenfunction 
of the Dirichlet problem 

J Au = —Xu in Q, 

I rt = 0 on dQ, 

then Ai||'i/^i||| 2 (Q) = II^V’iIli2(n)’ ''^here 0 is a boundary domain in Moreover, if V’ G Hq{Q), 
then Poincare inequality claims that there exists a positive constant k such that < 

According to Qiu (see p.98 in m), Ai is the maximum of all such k. We know that 
there are many kinds of choice for such k. For example, Wu (see p.l3 in [23]) proved that 

k < p~^ 

if 12 = {(xi, X 2 ,..., xtv) G ■ ai < Xi < ai + p }. In order to prove Theorem 2 we need to show 
that such choice is also right if f2 is a sphere of M"". 

Denote 

B = {x G ffi” ; |x — xo| < p} 
for xq G M”" and p > 0. We have the following result. 

Lemma 2 If Vt <Z B, u ^ H^{n) and u{x) = 0 for x G dH. Then 

ll«llL2(n) < pI|Vu||i,2(q) . (3.1) 


Proof We first suppose u G (7^(12). For every x G 12, there is a x^ G dH, such that the 
three points xq, x and x* lie on a radius xq x*. Denote the vector from x* to x by r. We have 

u{x) = u{x) — u(x*) 
du{x 


Using the Holder inequality gets 


Thus, 


/ 

J X* 


dr 


dr. 


|u(x)p < p 


rx 

du{x) 

f a:* 

dr 


dr. 


|M(x)|^dx < p f f 

JQ J X* 


rx 

du{x) 

/ X* 

dr 


drdx 


<p^ |Vu(x)p(2x. 
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The general case is done by approximation. 


□ 


To prove (1.20) Assume u{x,t) be the solution of (1.1), (1-2). Integrating (1.5) from ti 

1 

to t 2 yields hiu{x, ^2) — lnii(a;, ti) > — ^^^(lnf2 — Inti) for t 2 > ti. This means u{x, 12 ) ■ > 

1 

u{x,ti) ■ for t 2 > ti > 0. Therefore, 


if u{xo,to) = 0, then u{xo,t) = 0 for every 0 < t < to] 
if u{xo,to) > 0, then u{xo,t) > 0 for every t > to. 


By (3.2), we see that 


Hu{t) D Bs 


t > 0. 


Absolutely, the proof is finished if sup |x| = 00, otherwise, we set 

x£Hu(t) 


K' = j + sup |rc| 

x£Hu{t) 


for 7 > 0. Thus, 


(3.2) 


u{x, t) = 0 


for x G — Bx'. 


(3.3) 


It follows from (1.5) that 


/ 

JBki 


{m - l)t Jb^, 


u^+^dx, 


so that 


[ \Vu^\‘^dx < -— [ 
Ibj,, (m - l)t Jb^, 


i^+^dx. 


Using (3.1) in this inequality, we obtain 


u^^dx < 


K>2 


IB 


K’ 


{m — l)t 


u^+'^dx. 


’B 


K' 


Employing the Holder inverse inequality, we have 


2m 
1 + m 


[ u^^dx>l [ u^+'^dx] \Bk'\^' 

JBki J 


where \Bk'\ is the volume of Bk' and \Bk'\ = 7r2r(l + S) So we get 


m— 1 

p \ l+m 

/ \Bk'\^ 

Jbi,, J 


< 


K‘ 


/2 


(m — l)t 


(3.4) 
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Using the Holder inverse inequality again, we have 




\ l+m 

udx] 


(3.5) 


IB 


K' 


IB 


K' 


It follows from (1.4) and (3.3) that u{x,t)dx = ^u{x,t)dx = uo{x)dx. Combining 
(3.4) and (3.5) we get 


([ uodxY ' < 

\Jr^ J 


K'2 


{m — l)t' 

Now we get 

uodx'^ t < K'^+(m-i)n . 

Letting 7 —)• 0 gives 

sup |x| > x(t) t > 0. 

xeHu{t) 


(3.6) 


1—m 


□ 


To prove (1.21) Assume u{x,t) and v{x,t) be the solutions to (1.1) and (1.8) respectively. 
Employing the well-known result (see m), we have 


■Y— f u^+^{x,T)dx+ [ \Vu^\^dxdt<Y— f 

l + m jRn Jq^ l + m Jr, 


ul+^dx 


and 


- f v‘^{x,T)dx+ I \Vv\'^dxdt < - f u^dx 

2 jR" Jqj, 2 jRn 


(3.7) 


(3.8) 


for every given T > 0 and Qt = K"' x (0, T). Let 

V - 

/; 


G = v-u^, 


iIj = 


Gdr 


0 <t <T, 


where Urj are the solutions of (1.9). Let {Ca:}a:>i be a smooth cutoff sequence with the following 
properties: Ck{x) G C'“(]R"') and 


Ckix) = <( 0 < Ckix) < 1 
0 

Clearly, there is a positive constant 7 such that 


|x| < k, 
k < \x\ < 2k, 
\x\ > 2k. 


iVCfcl < and |A4| < -p. 


(3.9) 
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Recalling {v — Ur))t = AG in Qt, we multiply the equation by ^pCk and integrate by parts in Qt, 
we obtain 


/ -Vip + ipVG ■'VCk)dxdt = / {v — Urj)GCkdxdt. 

J Qx J Qj- 

Differentiating (3.10) with respect to T, we get 

[ {v-u^)GCkdx = - [ (a|VG |2 + GVG- 
J J (D/t 


< -- 


VG^ • VCkdxdt. 


'Qt 


Letting t] —)■ 0 in (3.11), we get 


iv — u){v — vT'^C^kdx < ^ 

i, k 


for some positive ip = ip{T) thanks to (3.7), (3.8) and (3.9). On the other hand, 

/ {v — u)G(kdx = / {v — u)‘^Ckdx+ / {v — u){u — vd''')C,kdxdt. 
Jr" Jr" Jkx 


Now we conclude that 

[ {v- ufCkdx < 


\v — u\ ■ \u — + 


‘P 


1 

< - 
“ 2 


[(u - uf + {u- u™)^] Ckdx + 


This implies 


(3.10) 


(3.11) 


(3.12) 


[ {v- ufCkdx < [ {u- u^'-fCkdx + ^ 

Jr" Jr" ^ 

< (m-l) [ r~"\u-u^\Ckdx+‘^ 

Jr" ^ 

< (m-l)M’"-^ [ \u-u'^\Ckdx + ^. 

Jr" k 

Recalling the dehnition of Ck, we see fj^n(v — u)^(kdx > — u)^dx. Moreover, \u — 

u'^\Qkdx is bounded thanks to (1.3) and (1.4). Hence, we can get a positive constant G* = G*(T) 
such that 


J\x\<k 

with respect to t G (0,T) uniformly. 


[v{x,t) — u{x,t)r dx < G* 


(m — 1) + 


□ 
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